Effects of error on fluctuations under feedback control 
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We consider a one-dimensional Brownian motion under nonequilibrium feedback control. Gener- 
ally, the fluctuation-dissipation theorem (FDT) is violated in driven systems under nonequilibrium 
conditions. We find that the degree of the FDT violation is bounded by the mutual information 
obtained by the feedback system when the feedback protocol includes measurement errors. We 
introduce two simple models to illustrate cooling processes by feedback control and demonstrate 
analytical results for the cooling limit in those systems. Especially in a steady state, lower bounds 
to the effective temperature are given by an inequality similar to the Carnot efficiency. 



INTRODUCTION 

Discussions on the Maxwell's demon have provided a 
better understanding of the relation between information 
entropy and entropy production As a generaliza- 

tion of the relation between information entropy and en- 
tropy production, the second law of thermodynamics is 
extended to an open system under feedback control [1,0]. 
The generalization of the second law is denoted by 



(3 {{W) ^ AF) > - {I) 



(1) 



where (W) is the ensemble average of work W exerted on 
the open system, AF is the free energy difference gained 
in the open system, and (/) is the mutual information 
obtained by the feedback protocol. The open system 
is in contact with a thermal reservoir at temperature 
T ~ (fce/?)^^, where fee is the Boltzmann constant. The 
difference (W) — AF amounts to a dissipated work in the 
open system. When the dissipated work becomes nega- 
tive, the feedback can extract work from a heat reservoir. 
The amount of work is bounded by the mutual informa- 
tion (/), owing to the generalized second law, Eq.([T]). 

Feedback control in Brownian systems has important 
applications in noise cancellation, namely, cold damping 
or entropy pumping 0, Q • For instance in cold damping, 
thermal noise of the cantilever in an atomic force micro- 
scope was canceled through a measurement of velocity 
and feedback control with a force proportional to the ve- 
locity of the cantilever Q- Similarly, in entropy pumping, 
reduction of thermal fluctuations by optical tweezers un- 
der velocity-dependent feedback control was proposed . 
These discussions did not take into account noise effects 
in the feedback system, which are unavoidable in a real 
experiment. An ideal condition that the effective tem- 
perature reaches K was only discussed in Ref. 0- The 
fundamental limit of cooling by feedback in the presence 
of measurement errors has not been discussed. 

To discuss the noise effects, we study the generalized 
second law for a one-dimensional Langevin system and 
derive the relation between fluctuations and mutual in- 
formation. In our derivation, we can apply the follow- 
ing remarkable progress in nonequilibrum statistical me- 
chanics. The fluctuation theorem (FT) (8l-[lo| and the 



Jarzynski equality are remarkable advances which 
are connected to the second law. The premise of the 
FT, the detailed FT, which is the FT for specific trajec- 
tory, is also the premise of the generalized second law |H . 
The detailed FT can be derived for many systems includ- 
ing a Langevin system 12l4l4| . Maxwell's demon can be 
discussed using the FT for a Langevin system Q . More- 
over there are relations between fluctuations and entropy 
change for a Langevin system. The Harada-Sasa equality 
or the generalization of the fluctuation-dissipation theo- 
rem (FDT) clarifles the relations between the rate 
of energy dissipation and the violation of the FDT. The 
FDT is the relations between thermal fluctuations and 
the dissipation in equilibrium and is connected to the 
FT and the Jarzynski equality ll|, |l2| . Generalizations 



of the FDT for nonequilibrium processes can generally 
be obtained by the perturbation dependence of a path 



probability [17|, [1 



In our discussion, we derive the Harada-Sasa equal- 
ity and the generalized second law for a nonequilibrium 
transition performed by feedback control. Since these two 
equalities are connected in terms of the entropy change 
in the heat reservoir, we can obtain the bounds to the 
FDT violation. The FDT violation is bounded by the 
mutual information characterized as measurement errors 
of the feedback system. Hence, the expression of the 
bounds quantifies the effects of error on the FDT viola- 
tion. Here we show that effects of error are dominant 
especially in a cold damping system. We construct two 
cold damping models under velocity-dependent feedback 
control including measurement errors and discuss the ef- 
fects of error on the FDT violation. Furthermore, in view 
of the effective temperature, the bounds to the FDT vi- 
olation give the cooling limit of the effective tempera- 
ture in a steady state. The lower bound to the effective 
temperature is determined by the balance between the 
information obtained by the measurement for feedback 
control and the information lost as a result of the re- 
laxation. The inequality giving the lower bound to the 
effective temperature has a form similar to that of the 
Carnot efficiency. 
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SYSTEM AND FEEDBACK PROTOCOL 

We study an underdamped Langevin equation includ- 
ing the feedback described as 

mi{t) + -fi{t) = F^^t^y-^{x{t)) + efp{t) + at), (2) 

where m is the mass of a Brownian particle and 7 is the 
friction coefhcient. We assume that the friction coeffi- 
cient 7 does not depend on the time t. The feedback 
force Fx(t,y){x{t)) is the external force, which generally 
includes a potential force —dU/dx, and a constant driv- 
ing force /ox as in Ref. [3]. X{t,y) is a control param- 
eter for a nonequilibrium transition which depends on 
the time t and measurement outcomes y = {yi, . . . , ?/„}. 
tfp{t) is the perturbation force which is introduced for 
the discussion of the response function. The thermal 
noise ^(i) is zero-mean white Gaussian noise with vari- 
ance 2^k^T. Throughout our paper, multiplications of 
stochastic variables are assumed to be interpreted as the 
Stratonovich-type integral without explicit remarks. 

We consider a nonequilibrium transition performed by 
the feedback force Fx[t,y){x{t)) from time t — Qlot ~ t. 
We note the phase space point of the Langevin system at 
time t as T{t) = {x{t),x{t)) and the trajectory of a tran- 
sition as r = {r(i)|0 < t < t}. We assume that mea- 
surements for the feedback control are performed at time 
t = tMi {i = ^, ■ ■ ■ where < tMi < ■ • ■ < < t, 
and the measurement outcomes yi are obtained at time 
t ~ ■ The probability of obtaining the measure- 
ment outcome yi is depend on the phase space point 
= r(iMi)- Therefore the stochastic process of mea- 
surement outcomes y is determined by conditional prob- 
abilities 

PiiVil^Mi) = 9i{yi,TMi), (3) 

where gi [yi , ) is a function which characterizes the 
measurement error of the feedback system. The condi- 
tional probabilities are normalized as J dyiPi{yi\T Mi) = 
1. 

In the system, the measurement outcomes y determine 
the time evolution of the feedback force Fx(t (a;(t)). 
Due to the causality of feedback control, the time evo- 
lution of the feedback force Fx(t,y){x{t)) depends on the 
i-th measurement outcome yi for t>tMi (see Fig. [1]). 

When the measurement outcomes y are fixed, the time 
evolution of the control parameter A(t, y) is uniquely 
determined. Then the path probability '^^^(t j^)[r|F(0)] 
for the Langevin equation Eq.Q, is given by the 
Stratonovich-type path-integral expression as 

n(t,,)[f|r(o)] = ^,~^/;^*(™^+7.-^.-/.)=^ (4) 

where A/" is a normalization constant independent of e. 
The path probability V^^^ [F] including an initial den- 

sity is defined as ^(t,,)!^] - Po(r(0))7'^(, [f |F(0)], 




Pi{yr\rM,) Op™ "^y^^^" 



FIG. 1. An open system subjected to thermal noise is cou- 
pled to a feedback system. The measurement outcome yi is 
obtained as a function of the phase space Fa/;. The con- 
trol parameter A depends on the measurement outcomes y 
under feedback control, h is the mutual information which 
is characterized as the dependence between the measurement 
outcome yt and the phase space Fm^. 2^kBT is the value of 
the thermal fluctuation. 

where Pq(T) is the initial probability density at time t — 
for a transition . This path probability is assumed to be 
normalized by the path integral as /[PFjP^j-j [F] ~ 1. 
The probability density at time t is defined as pt(F) = 
J[vt]S{r{t) - T)Vl^^_y^[r]. For a feedback system, the 

ensemble averages of arbitrary path function A[T] and 
arbitrary phase function B{T) are defined as 

(^)e = / n^y^* / [OT]A[f]7'^(,,^)[f]p,(y,|FM.), (5) 

and 

{B{t)),^ J Y[dy^ l[mB{T{t))Vl^,^y^[tMy.\TM.). 

i 

(6) 

These ensemble averages are the averages for all paths 
and all measurement outcomes. To discuss the FDT vi- 
olation, we define the response function R{t; s) of the 
system for t > s, using the e dependence of the ensemble 
average, as 

(i(<)), = + e / dsR{t; s)fp{s) + 0{e^), (7) 

where (. . .)q is the ensemble average when the perturba- 
tion force efp is 0. Due to the causality, R{t, s) = is 
satisfied for t < s. Moreover, the same time response 
is defined as R{t,t) ^ 1/2 [R{t;t - 0) + R{t;t + 0)] = 
l/2R{t;t-0). 

To consider a steady state, we generalize Eq.(IT]) for sev- 
eral measurements and feedbacks. We define the i-th mu- 
tual information /j between the system's state Fm^ and 
the measurement outcome yi as li = hipi(yi\T Mi) /PiiUi) , 
where Pi{yi) is the probability of obtaining the outcome 
yi in the i-th measurement. The probability Pi{yi) is 
calculated as 

p^{y^) - / ]ldyJ[vr]vi^, y^[mkPk{yk\TMj. (8) 

Here, the normalization J dyiPi{yi) = 1 is satisfied. 
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MAIN RESULT 

For the Langevin system including feedback effects, we 
prove the inequality 



(9) 



where (At^)^ = (lnpo(r(0)) - lnp^(r(T)))Q is the en- 
tropy change of the system. This inequality shows that 
the time integral of the FDT violation is bounded by 
the sum of the mutual information. On the other hand, 
when the measurement outcome is obtained without er- 
ror, the mutual information {Ii)Q goes to infinity. In this 
limit, the bounds to the violation of FDT are vanished. 
When the measurement outcome is obtained with error, 
the mutual information has finite values. This result 
is interpreted as effects of error on the FDT violation. 
The bounds are crucial especially in the condition that 
the correlation term <^i^(t)) is smaller than the response 
term 2R{t; <)//?. Therefore, the bounds can be important 
for a problem where the dynamical feedback makes the 
effective temperature of the system lower than the tem- 
perature of the heat reservoir because the effective tem- 
perature is defined as the ratio of the correlation term to 
the response term in a steady state. 



2kBR{t;t)' 



(10) 



The relation between the generalized FDT and the effec- 
tive temperature is discussed in Ref . [l^l • When the sys- 
tem is considered to be in a steady state approximately 
by a time-independent feedback protocol as a result of 
coarse graining over time, we can prove the following re- 
lation for the effective temperature Toff 



Toff ~r 

T 



> - 



(11) 



where tr = m/7 is the relaxation time and {-l^i)o is 
the sum of the mutual information obtained within the 
time duration r. Then X]i(^i)o/^ considered to be 
the mutual information rate obtained by the measure- 
ment. The left-hand side of Eg. pTj) is similar to the 
Carnot efficiency and the right-hand side is considered 
the information obtained in the relaxation time. It is 
worth indicating that tr is the characteristic time of the 
relaxation to an equilibrium state in terms of the velocity 
without external forces {F\ + efp = 0). In other words, 
the system practically forgets the information of the ve- 
locity after time m/7. In order to cool the system down 
to a lower temperature, we should obtain the information 
of the velocity of a particle before the system loses the in- 
formation of the velocity and applies feedback control. If 
the system is considered to be an overdamped Langevin 



system (m/7 — )• 0), the right-hand side of Ea. (|TT|) be- 
comes 0. Then this inequality indicates an inability to 
cool the overdamped Langevin system by the feedback 
force. In addition, if the relaxation time is smaller than 
the measurement interval, cooling the system is difficult 
and the lower bounds to the effective temperature are 
decided by this inequality. We prove these inequalities in 
the next section. 



PROOF 

For the discussion of the detailed FT, a reversal pro- 
cess is introduced. Then we define a time-reversal map 
as (x, x)* — (x, — i). When T is considered to be the tra- 
jectory of a forward process, the trajectory of the reverse 
process is described as Ft = {r*(r — t)\0 < t < t}. In 
the reversal process, a control parameter is introduced 
as A(r — t,y) using a protocol of the forward process 
X{t,y). We assume that the initial probability density of 
the trajectory of the reversed process is equal to the final 
probability density of the trajectory of the forward pro- 
cess (po(r*(T)) = pT-(r(r))). According to Eq.®, the 
local detailed balance for the Langevin system is derived 
as 



V 



[f] 



exp 



dtuj{t) ~ A(j) 



(12) 



where Lo{t) is the entropy production rate defined as 

w(t) - I3iit) [Fxit..y) ix{t)) + efp{t) - mi{t)] . (13) 

The entropy production rate uj{t) = (3x{t) ['yx{t) — ^{t)] 
is consistent with the definition of the energy dissipation 
rate in Ref. [23|. The generalized Jarzynski equality 
for the system can be derived using the definition of the 
ensemble average including the feedback, Eq. ([5]) , as 



1. 



(14) 



Due to the concavity of the exponential function, 
Jensen's inequality for Eq. p^ is obtained. Then 
Jensen's inequality for e = is equal to the generalization 
of the second law for a feedback Langevin system as 



/3 / dt{xit) [F^(^,,y){xit)) - mi{t)]) 
Jo 

~{A^),>-J2{h)o. (15) 

i 

because the left-hand side of Eq. ([T5|) is the entropy pro- 
duction from time i = to time t = t and the entropy 
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production is bounded by the sum of mutual information 
from time t = to time t = t. 

To discuss the violation of FDT, we start with the 
identity 



6/3 dt'x{t')fp(t') 



/? / dt'fpit'){x{t)±{t')),. (16) 



de 



The definition of the response function, Eq.Q, give us 
the relation 



de 



c=0 



dt'R{t;t')fp{t') 



(17) 



Moreover, we can calculate the identity, Ea. (|T6)) . exactly 
using the path probability, Eq.Q, as 



e=0 



^ £ dt'Uit') {x{t) [-7i(t') - F^^r,yMt')) 
+mi(t')])o ■ 



(18) 

A small impulse force fp{t') = 5{t' — t + s) is substituted 
for Eqs.(Il6l)-([T8l) for s ^ i, then the generalized FDT for 
the feedback system can be derived as 



7 



{x{t)x{t^s))^~-R{t-t-s) 



= (i(t) [Fxit-s.,y) {x{t -s))- mxit - s)] )p . (19) 

using the causality R{t; t + s) = for s > 0. Owing to 
the definition of the Stratonovich-integral and the same 
time response R{t; t), the relation between the same time 
response and correlation can be obtained as 



7 



/3 



R{t;t) 



(20) 



This equality is the Harada-Sasa equality for a 
Langevin system with feedback. The left-hand side 
of Eq.([20l) is the degree of violation of the FDT 
and the right-hand side of Eg. (1^01) represents the en- 
ergy dissipation rate. In an equilibrium state, the 
FDT violation is vanished because the feedback force 
Fx(^t,y){x{t)) is considered to be a time- independent po- 
tential force, —dU{x)/dx. Therefore both correlations, 
{i{t)F\{t,y)ixit)))^ and {x{t)x{t))Q are 0. 

Therefore we obtain the first main result, Eq.(l9]), from 
Egs. lfTSl) and (|20l) . This result is valid for the Langevin 
dynamics driven by the feedback force. 

To discuss the effective temperature, we assume that 
the system is considered to be in a nonequilibrium steady 
state approximately as a result of coarse graining over 



time. A steady state can be introduced when the feed- 
back protocol is independent of time. In our protocol, 
the i-th measurement outcome dependence of the feed- 
back force is independent of i. In a steady state, the 
correlation term (i^(t)) and the response term R{t; t) do 
not depend on time t. The effective temperature T^ff 
is defined by the ratio of the correlation term to the re- 
sponse term in a steady state as Eq. ([TO|) . In an equi- 
librium state, the effective temperature is equal to the 
temperature of the heat reservoir because the degree of 
the FDT violation is 0, {x^{t))^ - 2R{t;t)/l3 = 0, while 
in a nonequilibrium steady state, the response function 
R{t; t) is calculated using the Furutsu-Novikov-Donsker 
formula as in Refs. and 22 1 when the noise term 
^{t) is a zero- mean white Gaussian noise. The correla- 
tion {x{t)^{t))fj becomes 2^R{t\t)/ jS. Moreover, we can 
calculate {x{t)^{t))Q by the definition of the Stratonovich 
integral. When e = 0, the correlation {x{t)^{t))Q is cal- 
culated as 7/ (m/3). The same time response R{t;t) in 
a steady state is obtained exactly as R{t;t) = 1/ (2m). 
This fact shows that the effective temperature fulfills 



1 

—mx" 
2 



(21) 



If the probability of a particle's velocity is a zero-mean 
Gaussian distribution, Eq. (j21[) means that the distribu- 
tion of a steady state is considered to be the Maxwell- 
Boltzmann distribution with the temperature Tcff. Let 
the value R{t;t) = 1/ (2m), a steady-state condition 
(A0)q = 0, and Eq. ([2T1) substitute for the first main re- 
sult, Eq.®, then we can obtain the second main result, 
Eq. (HH). 



MODELS FOR COLD DAMPING 

First, we consider the cold damping process or 
entropy pumping [sj, generally given by the following 
Langevin equation: 



mi{t) + jx{t) = -7'i(t) + C(t). 



(22) 



In this model, 7' is positive. This cold damping pro- 
cess was proposed in an experiment of cooling a Brow- 
nian particle by applying a velocity-dependent feedback 
— 7'a;(t). In a realistic experimental setup, this feedback 
can be realized by using optical tweezers [^, [53]. In a 
steady state, the effective temperature of this system 
T7/ (7 -f 7') was found to be lower than the temperature 
of the heat reservoir T. Thus this model is considered as 
the noise cancellation. The feedback of this model in- 
cludes the velocity of the Brownian particle x{t) without 
a measurement error. 

We substitute Fa = -j'x{t) into Eq.([20l), then 
the FDT violation of the system is calculated as 
-7' (i2(i))p - d/dt{{m/2) x^{t))^. In a steady state, the 
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condition d/dt(^{m/2)x^{t))^ = is derived because the 
term ((m/2) x^{t))^ does not depend on time t. Then the 
FDT violation —7' {x^it)^^ is always negative in a steady 
state. The effective temperature of the system is calcu- 
lated by the definition Eq.([Tni) as Toff = T7/(7 + 7')- 
In the limit of 7' — ^ 00, the effective temperature Toff 
reaches K. This model does not give the cooling bounds 
to the effective temperature by the mutual information 
because the feedback protocol is free of measurement er- 
rors, thus the mutual information goes to infinity. In 
terms of the measurement error, this model cannot de- 
scribe the actual setup because the feedback protocol has 
measurement errors in the actual experimental setup. If 
the feedback protocol of the cold damping has measure- 
ment errors, the bounds to the FDT violation given by 
Eq. ([9]) are dominant and therefore the effective tempera- 
ture cannot reach K. To discuss the effects of errors on 
the FDT violation, we consider the following two models 
including measurement errors. We show the validity of 
the bounds to the FDT violation given by Eq.®. 



In this condition, the relations (A(/i)q = and 
(rn/2 [i^(0) — = are calculated because the 

probability distribution is the same 'At t — Q and t — t. 
Then we compare the value of the FDT violation Vlr 
and the mutual information (/) to discuss the validity 
of Eq.®. We can exactly calculate the violation of the 
FDT as 



-13 / dt 
Jq 



dy / dxopiio)p{y\ioWyx{t), 



(26) 

where i{t) is the average of the velocity in terms of the 
thermal noise ^{t). x{t) obeys the equation of motion 
m (d/dt) x{t) — ~jx{t) — -f'-y; then the solution of the 
equation of motion is calculated as 



xit) 



7 y 
7 



xo 



7 



(27) 



Then we substitute Eqs.(I27| and ([M]) into Eq.dUl) to 
obtain the value of the FDT violation as 



Case 1 

A model for cold damping with continuous output feed- 
back can be described by the Langevin equation 



mi(i) +7i(i) = F),(t,y){x{t))+£.{t). 



(23) 



We consider the following feedback protocol for one cy- 
cle. First, a measurement about the velocity i(0) = xq 
is performed at time t = 0. Second, a measurement out- 
come y about the velocity xq is obtained. In order to 
introduce the measurement error, we consider that the 
conditional probability is Gaussian with variance cr'^^^ as 



p(y|io) = 



1 



: exp 



(±0 - yf 



(24) 



Third, a constant force F- 



Kt-.y) 



{x{t)) 



-7'j/ is applied 
to the system from time t — Q to t — t. This feed- 
back sequence defines one cycle. In repeating this cycle, 
we assume that the system has the same Gaussian dis- 
tribution about the velocity at time t — Q and t — t, 
instead of the assumption of a steady state, described 
as p(io) = PiiiT)) = l/V27:a^ exp [— i§/ (2cr^)] . Due 
to the noise cancellation, the variance of the steady 
state density becomes smaller than that of the original 
Maxwell-Boltzmann distribution with temperature T as 
1/ {ml3) > a^. 

In this model, we can show the validity of Eq.® for 
one cycle. Let the left hand side of Eq.® be defined as 
= 13 /J" dtj [(i(i)^)o - 2R{t; t)/l3] . The FDT viola- 
tion, ilr, can be calculated using Eq. ([20l) as 



(25) 



r!, =/3 / dt{xit)F^t^y-)ixit)))^ 



/3?[i^(0)-i^(r)] 



fir = 13— (a^ 

7 



7 



7 



(l-e-^-) (28) 



When {dflr/dr) = 0, the FDT violation has a 

minimum value in terms of r. The value of Tmin is cal- 
culated as Tmin = m/7ln [l -|- (7/7') [a^/ (cr^ -I- CTorr)]] ■ 

Therefore, the minimum value of the FDT violation 5^r„,i„ 
is obtained as 



f^.„,„^^"^^"^"^^'--)ln(l 

/3m7'tT^ 

7 

m/3a-^ 1 



7 



a 



7' (T^ + a, 



2 

err 



(29) 



where (t^ = cTon/cr. In this calculation, the logarithmic 
term is expanded in terms of cr^/ (cr^ -I- CTgrr) (— !)■ 

On the other hand, the mutual information (/)q can 
be calculated. The probability of obtaining the measure- 
ment outcome ply) is calculated as 



piy) 



dxop{y\xo)p{xo) 
1 

exp 



v/2^(a2+a2„) 



2(a2 



(30) 



Then, the mutual information (/)„ is obtained as 



i^)o= dxQp{xo)p{y\xQ)ln 



1 , / 1 

= - In 1 + — 



piy\io) 
p{y) 



(31) 
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FIG. 2. Minimum values of FDT violation (dashed lines) and 
mutual information (solid line) in case 1. Mutual information 
is less than the FDT violation. Thus the main result, Eq.([9}, 
is valid in case 1. 



The results of Eqs. p9| and (|31l) and the condition of the 
variance 1/ > give us the inequality 



> 



1 1 



2 1 



> 



Wo- 



rn 



Thus the bounds to the FDT violation given by Eq.® 
are valid in this model. According to Fig. [2l the bounds 
to the FDT violation are effective when the measurement 
error cannot be negligible (u^ ^1). This result does not 
depend on any of the parameters r, m, 7, 7', ct, or iTorr- 
In other words, the validity of Eq.® does not depend on 
the feedback parameter in this model. 



Case 2 

Here we consider the case where the output of feedback 
control system takes only discrete values. We assume 
that the system has only binary states for the measure- 
ment outcome. In such a case, without loss of generality, 
the measurement outcome y can be simply represented 
by 2/ = for negative values of Xq observations, or ?; = 1 
otherwise. The measurement error rate q {0 < q < 1/2) 
is introduced by the conditional probability as 



p{Q\xo) = 



p(l|io) 



q (io > 0) 

1-q (io < 0) 

l-q (xo>0) 

q (io < 0) 



(33) 



(34) 



Here, a constant force Fx(^t,o) {^(.t)) — l' ot ^A(t,i) (^(^)) = 
—7' (7' > 0) is applied to the system from time t = to 
time t — T, depending on the value of y. This feed- 
back sequence is considered as one cycle. In repeat- 
ing this cycle, we also assume that the system has the 



same Gaussian distribution about the velocity at time 
t = and t = T described as p(io) = PiiiT)) = 
1/V27rcr2 exp [-ig/ {2a'^)] ■ Moreover we also assume the 
condition 1/ (m/3) > cr^. In this case, the violation of the 
FDT rir can also be calculated as 

/•r />oo 

Q.r = l3^l dt dxop{xQ)p{y\xQ)Fx{t,y){x{t))x{t), 

y Jo J-OO 

(35) 



where x{t) is calculated as 



±{t) = ±^ 

1 



7 



(36) 



The plus and minus signs in Eq. correspond to y = 
and y = I, respectively. By substituting Eqs. (l55|) . ([M]) . 
and (132]) into Eq.(135l), we obtain the value of the FDT 
violation as 



^ + 2(1-2,)^' 
7 V2^, 



(37) 



When {dUr/dT) \^^^^.^ = 0, the FDT violation 
has its minimum value in terms of r. In this 
case, the value of is calculated as Tmin 

TO/7ln[l-h(l-2g) [2cr7/(%/2^7')]]. Therefore, the 
minimum value of the FDT violation Ot-^^j^ is obtained 
as 



21 In 



1 + (1 - 2q) 



270- 



27r7' 



-{l-2q) 



2a 



/2Tr 



il-2qf 



(38) 



In this calculation, the logarithmic term is expanded in 
terms of (1 - 2q) (< 1). 

On the other hand, the probability of obtaining the 
measurement outcome p{y) is calculated as p{0) = 1/2 
and p{l) = 1/2. Then, the mutual information (/)g is 
obtained as 



= X! / dxop{xa)p{y\xo) In 



p{y\io) 
p{y) 



= ln2 + glng + (1 - q) ln(l - q) 



(39) 



The results Eas. ([551) and (P^)) and the condition of the 
variance 1/ (rn/3) > give us the inequality (see Fig. IS]) 



f^r_>-^^^>-(/)o- (40) 

TT 

Therefore we have demonstrated that Eq.([5]) is valid re- 
gardless of the different feedback protocols. 
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a 

g 

o 
> 
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Measurement error rate q 



0.5 



FIG. 3. Minimum values of FDT violation (dashed lines) and 
mutual information (solid line) in case 2. Mutual information 
is less than the FDT violation. Thus the main result, Eq.([9}, 
is valid in case 2. 



DISCUSSION 

In this paper, we have discussed the effects of error 
on the FDT violation and the effective temperature us- 
ing Langevin dynamics under feedback with error. The 
bounds to the FDT violation and the effective tempera- 
ture as a function of the mutual information are derived. 
Then we have presented two simple models to demon- 
strate analytical calculations for the validity of the gener- 
alized second law, Eq.([T|), for a Langevin system includ- 
ing the velocity-dependent feedback with error. More- 
over, the result for the effective temperature is considered 
to be the relation between the information obtained by 
the measurement and the relaxation. We believe that this 
result is a valuable approach to noncquilibrium steady- 
state dynamics when the contents of the information play 
a significant role in feedback control systems. 

As a possible experimental realization of the proposed 
results, cooling of a Brownian particle by application of 
a feedback force with laser tweezers might be a good 
candidate, since the velocity of a Brownian particle is 
measurable in the present technology (23l |. In vacuum, 
millikelvin cooling of a Brownian particle was recently 
archived and the lowest temperature was limited by the 
noise {24!|. For the generalized second law, the inequal- 
ity, Eq.([T|), has been tested by otir group in the feedback 



system of a Brownian particle 25|. Therefore experi- 
mental verification may be technically feasible. A more 
important extension of the present result will be the gen- 
eralization to a quantum system, in which measurement 
error comes from quantum fluctuations, or generaliza- 



tion to many-particle systems. It is worth noting that 
the stochastic cooling in particle acceleration technology 
uses a periodic feedback control. It would be interesting 
to look for a theoretical relation with mutual information 
in many-particle systems as in Ref.f26l]. 
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